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Abstract. — It is well known since A. J. Kempner's work that the series of the reciprocals 
of the positive integers whose the decimal representation does not contain any digit 9, is 
fvj ■ convergent. This result was extended by F. Irwin and others to deal with the series of 

the reciprocals of the positive integers whose the decimal representation contains only a 
limited quantity of each digit of a given nonempty set of digits. Actually, such series are 
known to be all convergent. Here, letting S^ r ' (r 6 N) denote the series of the reciprocal of 
the positive integers whose the decimal representation contains the digit 9 exactly r times, 
the impressive obtained result is that S^ r ' tends to 10 log 10 as r tends to infinity! 
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1. Introduction 



Throughout this article, we let N* denote the set N\ {0} of positive integers. We 
let E^ (r £ N) denote the set of all positive integers whose decimal representation 
contains the digit 9 exactly r times. We also let E„ (r, n £ N) denote the set 
E^ n [10", 10 n+1 [. We clearly have for any r £ N: 

© : E(r) - U Ei n ] - 

OO ! ™6N 



For all r, 7i £ N, write: 



and for all r £ N, write: 



W--= E 



i 

k 



S(r) '-= E l = E S( n 



(r) 
k 



In 1914, A. J. Kempner [3] showed that the series S^ converges. After him, 
several generalizations were obtained by several authors. Among others, F. Irwin 
[2] showed that the series derived from the harmonic series 1 + ^ + | + • • • by 
including only those terms whose denominators contain a limited quantity of each 
digit of a given nonempty set of digits is convergent. It follows in particular that 
the series S^> converges for all natural numbers r. In this paper, the main result 
obtained is that the sequence {S^ r ') r>1 decreases and converges to 10 log 10 (see 
Theorem [3]). As a consequence, we deduce that we have S^ > 10 log 10 ~ 23.025 
(Vr > 1). So, according to the calculations of R. Baillie pTJ, we have the unexpected 
inequality S^°> ~ 22.920 < S^ . We must notice that the approximate numerical 
values of the S^'s (r > 1) are very difficult to calculate. 

In the last section of the paper, we state a generalization of our main result by 
taking instead of the digit 9 any other digit d £ {0,1,..., 9}. 

l 
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2. The Results 

(r) 

Suppose r,n GN*. If a positive integer k belongs to E„ , then writing 

k = iot + e 

with t G N and £ G {0, 1, . . . , 9}, we clearly have either 

• (eE^-i and^G {0,1,..., 8}, or 

• t e E^ZP and ^ = 9. 
It follows that 



(r) 

We will find it useful to approximate S„ with the simpler formula 

w J ™ -2^ 2^ i 0t + 2^ io< " 10 "- 1 + 10 "- 1 ■ 

«=0 teE^l, teE^ 

The error in this approximation is given by 
(3) C n , r := TW - 5«. 

So, we have 

/^ or(r) _ _p_ o(r) , J_ o(r-l) _ ^ 

This identity will play an important role in what follows. 

Our first proposition shows that the errors C n>r are not very large. 

Proposition 1. The real numbers C rhr (r, n G N*) are all nonnegative and we have 

oo oo 
r— 1 n— 1 

Proof. From JT]) and the first equality of (|2j), we have for all r, n G N*: 

8 £ 9 

(5) 0^ = ^ E iot(10t + £) + 51 iot(lot+9)' 

This last identity shows that we have C n , r > (Vr, n G N*). Moreover, using ((5]), 
we have for all r, n G N* : 

9 - ^ 9 ^ 1 

On,r < „- 2^ +2 + inn 2^ +2- 



25 <^ t 2 100 ^ t 2 ' 



pM 



Since the sets .E„ (r, n G N) form a partition of N*, it follows that: 

oooo / n n \ oc 1 ^2 






v 25 100/ ^^ i 2 20 6 
The proof is complete. ■ 

For the following, put for all r G N*: 

oo 
n=l 

According to ©, we clearly have C n , r > for all n,r G N* such that n > r. 
Consequently, we have C r > for all r G N*. 
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Proposition 2. For all r £ N, the series S^ r ' converges. In addition, we have: 

(6) S (1) = S (0) - lOCi + ^ 

9 

and 

(7) S {r) = S {r - l) - 10C r (Vr > 2). 

Proof. The fact that the series S^ (r £ N) are all convergent is already known 
(see, e.g., [2]). Let us prove the relations |(6]) and of the proposition. Using the 
relation ((4]) , we have for all r £ N* : 

oo 
n=l 

- V (— s {r) + — 9 (r_1) - r ^ + <? (r) 

~~ Z^ I 10 10 ^n,rj+O 

n— 1 ^ ' 

„ oo _. oo oo 

- Jq 2^ ^n-i + io 2^i Vi - 2^ ° n > r + ^o 

n— 1 n— 1 ri—1 

„ oo 1 oo oo 

= ^E^ + ^E^-E^+s* 



(r) 



Hence: 



10 <^ " 10 

n— n— n— 1 

- A qM J. J_ c(r-i) _ c 4- <? (r) 



(r) 



5 (r) = gi.r-1) _ io^ + 105 -C 

( S^-V - 10C r + f ifr = l, 
l^-^-lOa ifr>2. 

This confirms the required formulas iJH) and <[Tj) of the proposition and finishes this 
proof. ■ 

We now arrive at the most important and completely new result of this paper: 

Theorem 3. The sequence (S^ r ') r>1 decreases and converges to 10 log 10. In par- 
ticular, we have: 

5^ > 10 log 10 (Vr>l). 

Proof. Since C r > (Vr > 1), the formula ([7]) of Proposition [2] shows that the 
sequence (S^ r ') r>1 decreases. Since this sequence is positive (so bounded from 
below by 0), it is necessarily convergent. It remains to calculate its limit as r tends 
to infinity. We have for all integer R > 2: 

s(«) = J2 (s (r) - 5 (r - 1) ) + sv> 

r=1 

R 10 

= 2^(-10C r ) + Si " ] - 10C i + TT (according to © and ®) 

r=2 9 



r=l 



Hence: 



oo 1n 

(8) hm ^)=S(°'-10rC r + T- 
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Now, let us calculate the sum J2T=i @r — J2T=i S^Li C«,r- Prom ([J), ((2|), and 
([3]) , we have for all r, n £ N* : 

n — rp{r) _ n(r) 

<H ^ I 10i ~ 10t + £ ) + ^ I lOt _ 10t + 9 

By remarking that the sets E^\ (r, n £ N*) form a partition of N* \ E^ and that 
the sets E„~i (r, n e W) form a partition of N*, we deduce that: 

J] E C»,r = 51 E Tn7 ~ Tn7T7 + E 



v 10* lOt + U ^^ V 10i 10i + 9 

£ \5 vio^ ~ iw+^J ~ te 5» v io* " io*T7j J + § liot ~ 1WT9 

9 °° 7 1 1 \ 8 , x j 



2^ Z^ 1 i ny: i n* -i- /> / Z^ Z^ 



£=0 t=l v 7 f=0tg_E(o) v 

^^ viol ~ iot + ^/ ~ io ^ t + ^ ^ lot 4 

fcO f=l v 7 tGE< ' e=0t£E(°) 



Since X^g£( > V* = ^ ^ an ^ 

8 -. i 8 i 8 1 

V V = V --V- = 5 (0) -V- 

^ ^ lOt + (, ^ t ^ t ^ t 

«=Ot e _E(o) teEW t=i t=i 

(because {10t + £ \ t G E^°\l g {0, 1, . . . , 8}} = E^ \ {1, 2, . . . , 8}), it follows that: 

r— 1 n— 1 

where 



10 ^ £ 



1 f^^llOi lOt + i) ^\t ^ to 

1=0 t=l v ' t=\ y 10t<m<10(t+l) 

Let us calculate A. For all sufficiently large positive integers N, we have: 

N ( _, _. ") JV _, 10N+9 



e -- e 1 \ = r,--t- 

^ I ' ' / -^ TO I ^ t ^ TO 

10t<m<10(t+l) J *=1 m=10 

= (logiV + 7)-ilog(107V + 9) + 7- ^ — 1+ojv(1) 

L m=l J 

9 1 

= V-- log 10 + o N (l), 



?n— 1 

where 7 denotes the Euler's constant. By taking the limits as N tends to infinity, 
we obtain: 

9 1 
A= V- -log 10. 



m 

m— 1 
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Now, by substituting this value of A into |(9]), we obtain: 

oo oo oo _. _. 



10 

r— 1 r=l n— 1 



Finally, by substituting this value of J2T=i ^r into ((8]), we conclude that: 

lim S {R) = 10 log 10 
as required. The proof is complete. ■ 

3. Generalization to other digits 

The method presented above can be applied to obtain the general result related to 
any digit d 6 {0, 1, ... , 9}. For rfe {0, 1, . . . , 9} and for r 6 N, let a<i{r) denote the 
sum of the reciprocals of all positive integers whose decimal representation contains 
the digit d exactly r times. Then, we have the following: 

Theorem 4. For all d S {0, 1, . . . ,9}, the sequence (<Jd(r)) r >i decreases and con- 
verges to 10 log 10. 

Remark. According to Theorem [4] and to the approximate values of the numbers 
Od(0) (0 < d < 9) given by R. Baillie [T], we see that only in the particular case 
d = (already studied by A. D. Wadhwa [4]) does the sequence ((Td(r))r start its 
decrease at r — 0. 
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